ER X FRmetric

restart
with(tensor) :
coord := [1:, r, 0, (I)]
[t 1,6, 9]

g compts := array(symmetric, sparse, 1..4, 1..4)

array(symmetric, sparse, 1..4, 1..4, [])

g compts, | = exp(2-A(t, r)) : g compts, =-exp(2-B(t, r)) :
. 2
g compts, . =-r g_compts, , = -7 sin(0)” : g:=create([-1, -1], eval(g_compts))
o2 At 1) 0 0 0
0 —e? Bt 1) g 0
table| | index_char=1[-1, -1], compts = )
0 0 -r 0
0 0 0 -7 sin()

ginv := invert(g, ' detg’)

Dlg :=dlmetric(g, coord) : D2g:=d2metric(Dlg, coord) :

Cf1 :=Christoffell(Dlg) :

RMN := Riemann(ginv, D2g, Cfl) :

RMNc := get_compts(RMN) :

map(proc(x) if RMNc[op(x)] # O then x=RMNc[op(x)] else NULL end if end

proc,
[ indices(RMNc)] );

Kl 2 A(t, 1) . 2
o At r)j e r sin(0)

u,¢1,q—-( ,m,az,ﬂ——(f-ma

e2 B(t, r) or

COS(G)Z 2 Bb T 4 003(9)2 — % Bt r))

2
. 2 r

r)) r sm(G) , 13,4, 3, 4]= ( 2 B(t, r)
o ,

RICCI := Ricci(ginv, RMN)



0 0
table| | index_char=[-1, -1], compts = ;((— B( t, r)j [— A(t,
0 2 ] 0
r)) e? At 1) g (—t B(t, r)j e? Bt 1) (a_t B(t, r)j (— At

2 B(t, r) 0 2 ot 1) 0 2 B(t, r)
r)) e T r—(a— A(t, r)j e T r+[—2 B(t, r)J e Ty

or’

0
2 | — B(t, r)]
: ) (
_[6_ A(t, r)] 2 AL 1) g [a— A('t, r)) o2 At r)], - ot ,

0, 0
2 (— B+, r)j
__\9 _ 1 0 0 2 At 1)
r © 2 AL, 1) r[[@r B(t, r)) ( AL, r)] e r
(2 B(t r) 2 92 B(t, r) r— i B(t 1,.) . A(t l") e2 B(t, r) r
9 ’ ot ’ t ’
0 2 ) 9
_[_ A, r)) Q2 A ) oy [ g ) 2B [
or at o
0
F)J 82 A(t, 1”) 1’"‘1‘2 [_ B(t, l")) 82 A(t, r) O, 0
or
0 0
[_ B(t, 1”)) l”—(— A(t, r)} e Bt g
0, 0, -2 o .
C 2 B(t, r)
e
_ L 2 (9 2 (0
0, 0, 0, SR (COS(G) (5 B(t, r)j r—cos(0) [a_r A(t, r)) r

0 0
+cos(8)” e BB 1) — cos(0)” — (— B(t, r)j r+ [a— At, r)) r—e? Bt )

) S

RS :=Ricciscalar(ginv, RICCI)



table| | index char =

[
)
)
)

— (6_1” At, 1)

Estn := Einstein(g, RICCI, RS)

0
[ JeZA(t,r) r2+[

= L 2 0 B
[ Compts_e2 A(t, 1) 2 B(t, 1) .2 (a_r (t,



Schildwarzschild

restart
with(tensor) :
coord := [t, r, 0, (])]
[t 76, 0]

g compts := array(symmetric, sparse, 1..4, 1..4)

array(symmetric, sparse, 1..4, 1..4, [])

2 R PR3
gfcomptsl’ =1 T ;g comp Sz, g = = :
. 2
g compts, o =17 g compts, , = - sin(0)” : g:=create([-1, -1], eval(g compts))
1— 2 0 0 0
T
0 - 12 m 0 0
table| | index_char=[-1, -1], compts = 1 — —
0 0 - 0
0 0 0 -r° sin(0)

ginv := invert(g, ' detg’) :

Dlg :=dlmetric(g, coord) : D2g:= d2metric(Dlg, coord) :

Cf1 := Christoffell(DIg) :

RMN := Riemann(ginv, D2g, Cfl) :

RMNc := get_compts(RMN) :

map(proc(x) if RMNc[op(x)] # 0 then x=RMNc[op(x)] else NULL end if end

proc,
[ indices(RMNc)] );

2
M sin(0) M (-r+2 M M
2,4, 2, 4]=-———,1[2,3,2 3]=-——, [1, 3, I, 3] =———
[ ] -r+2 M [ ] —r+2M[ ] 2
9 (-r+2 M) I sin(6)”
(L2 1, 2]==, [1, 4, 1, 4] = 5 . [3, 4, 3, 4]=
r r

-2 v If sin(8)

RICCI := Ricci(ginv, RMN)
0000
0000
0000
0000

table| | index_char=1[-1, -1], compts=

RS :=Ricciscalar(ginv, RICCI)
table([ index _char=1], compts=0])

Estn := Einstein(g, RICCI, RS)

)




0000
0000
0000
0000

table| | index_char=1[-1, -1], compts =

Cf2 := Christoffel2(ginv, CfI)

table[ index char=[1, -1, ~1], compts=ARRAY| c£2, [1..4, 1..4, 1..4], | (1, 1,
1)=0, (1, 1, 2) = ——— (1,1, 3)=0, (1, 1, 4)=0, (1, 2, 1) =
b bl b I‘(—I’+2 M)) bl b b b b b b b
2, 2)=0, (1,2 3)=0, (1,2 4)=0, (1, 3 1)=0, (I, 3, 2)
r(_r+2 M)’ b b b b y b b y b y b b y b

=0, (1, 3, 3)=0, (1, 3,4)=0, (1, 4, 1)=0, (1, 4, 2)=0, (1, 4, 3)=0, (1, 4, 4)

—0, (21, )= -2 a1 gy 0, (2,1, 3) =0, (2 L ) =0, (22, 1)
r

= _—M = = =

=0, (22 2) = g (22370 (22 90, (23, 1)=0, (2,3, 2)

=0, (2,3 3)=-r+2M (2, 3, 4)=0, (2,4 1)=0, (2, 4, 2)=0, (2, 4, 3)=0,

(2,4, 4)=(-r+2 M) sin(ﬁ)z, (3,1, 1)=0, (3, 1, 2) =0, (3, 1, 3) =0, (3, 1, 4)

=0, (3,2 1)=0, (3,2 2)=0, (3, 2, 3):%, (3,2, 4)=0, (3,3, 1)=0, (3, 3, 2)

Z%, (3, 3,3)=0, (3,3,4)=0, (3,4, 1)=0, (3,4, 2)=0, (3, 4, 3)=0, (3, 4, 4)
:—sin(ﬂ) cos(e), (4,1, 1)=0, (4, 1, 2)=0, (4, 1, 3)=0, (4, 1, 4)=0, (4, 2, 1,
=0, (4, 2, 2)=0, (4, 2, 3)=0, (4, 2, 4):%, (4, 3, 1)=0, (4, 3, 2)=0, (4, 3, 3)

cos(G)

B B B 1 _ cos(e)
=0, (4, 3, 4) = sin(o) , (4,4, 1)=0, (4, 4, 2) = o (4, 4, 3) sin(6)

(4,4, 4)



table| | index_char=[-1, -1], compts =

o2 Alt, 1) [2 (i B(t, r)j r+ 2 Bt f)—l) 2 [6% B(t, r))

or
o2 Bt 1) 2 ’ - . 0.0,
9 3
2= B(t, )| 2= At r)| r—e* BH 1) 4
ot or
- , - , 0, 0f,
r I‘2

_ 1 9 0 2 At, 1)
0.0, 2 AL 1) 2 Bt 1) (r [(Gr B(t, r)J (6r At r)j ¢ r

0 2 B(t, r) 0 2 At 1)
r)) (at At r)) r—cos(0) [61” At r)) e r
2 2
+[ & B(t, r) cos(e)2 2Bt | A(t, 1) cos(6)2 e2 At )
at? or’

9 9
+cos(9)2 [a_r B(t, r)) e2 A(t, 1) —COs(6)2 (a_ At r)j 62 A(t, 1)

Cf2 := Christoffel2(ginv, Cf1)




table| | index_char=1[1, -1, -1], compts=ARRAY| cf2, [1..4, 1..4, 1..4], | (1, 1,

0 0
1)_a A(t, 1”)’ (1, 1’ 2)_6_1” A(t’ 1”), (11 1’ 3)_0’ (1’ 1’ 4)_0’ (1’ 2’ 1)

0 2 B(t, r)
(at B(t, r)) e

0
=— A(t, ), (1, 2, 2)= , (1, 2,3)=0, (1, 2, 4)=0, (1,

eZ A(t, r)

3,1)=0, (1, 3, 2)=0, (1, 3, 3)=0, (1, 3, 4)=0, (1, 4 1)=0, (1, 4 2)=0, (1,

il A(t, r)) o2 Alt, 1)
T

0
, (2, 1, 2) =— B(t,

4,3)=0, (1, 4, 4)=0, (2, 1, 1) = [ 2 B(t, 1) ot

e

r), (2,1, 3)=0, (2, 1, 4)=0, (2, 2, 1):i B(t, r), (2, 2, 2):i B(t, r), (2,

ot or
- _ _ _ _ r
2,3)=0, (2,2 4)=0, (2,3, 1)=0, (2 3, 2)=0, (2 3, 3) = TH (2, 3, 4)
702417024270243702447—M 3,1, 1
- 7() ) )_,(1 ) )_)() ) )_)() b )_ eZB(t,r)’(’ b} )

=0, (3,1, 2)=0, (3,1, 3)=0, (3,1, 4)=0, (3,2, 1)=0, (3, 2, 2)=0, (3, 2, 3)

=%, (3,2 4)=0, (3,3 1)=0, (3, 3 2) =%, (3,3,3)=0, (3,3 4) =0, (3, 4, 1

=0, (3, 4, 2)=0, (3, 4, 3)=0, (3, 4, 4) = -sin(0) cos(8), (4, 1, 1)=0, (4, 1, 2

=0, (4 1,3)=0, (4 1,4)=0, (4, 2, 1)=0, (4, 2, 2)=0, (4, 2, 3)=0, (4, 2, 4)

cos(9)
sin(0)

:%, (4,3,1)=0, (4, 3,2)=0, (4, 3, 3)=0, (4, 3, 4)=

) (47 4) 1) :07

1 B cos(e) B
(4, 4, 2) = = (4, 4, 3) = sin(e)’ (4, 4, 4) —ODD



BRGTFR B 25 metric

restart
with(tensor) :
coord := [t, r, O, ¢]
[t 1,6, 0]

g compts := array(symmetric, sparse, 1..4, 1..4)
array(symmetric, sparse, 1..4, 1..4, [])
=-exp(2-B(r)) :

g compts, | = exp(2-A(r)) : g _compts

1 2, 2"
. 2
gfcompts& 3 =1 g_compts, = sin(@)” : g:=create([-1, -1], eval(g compts))
2 A 0 0
0 -8B 0
table| | index_char=[-1, -1], compts= )
0 0 -r 0
0 0 0 -i sin(e)’
ginv := invert(g, ' detg’ )
1
2 0 0 0 0
1
0 —ez B00) 0 0
table| | index_char=[1, 1], compts=
1
0 0 - 0
r
0 0 0 - !
I sin(0)

Dlg :=dlmetric(g, coord) : D2g:= d2metric(Dlg, coord) :

Cf1 :=Christoffell(Dlg) :

RMN := Riemann(ginv, D2g, Cfl) :

RMNc := get_compts(RMN) :

map(proc(x) if RMNc[op(x)] # 0 then x=RMNc[op(x)] else NULL end if end

proc,
[ indices(RMNc)] );




[3, 4, 3, 4] )
e
(d_(iﬂ A(r)) e? A 4 d
- B [2, 4, 2, 4] = _(E B(r)
—[% B(r)] r
RICCI := Ricci(ginv, RMN)
. L s 1

table[ index_char=[-1, -1], compts 2 B0

—[d% B(r)j [d—‘i A(r)j ot (d—‘i A(r))z e+

0, 0, 0},

RS :=Ricciscalar(ginv, RICCI)




- - S— (4 d 2
table| | index_char =[], compts 2B ri2[2 [ (dr B(r)j (dr A(r)j r
d o [ 2 d d 2 B(r)
+[dr A(r)] r+ 7 A(r)] =2 [dr B(r)] r+2 [dr A(r)j r—e

+1

D

Estn :=FEinstein(g, RICCI, RS)

table{

index_char=[-1, -1], compts=

Cf2 := Christoffel2(ginv, Cf1)



table| | index_char=1[1, -1, -1], compts=ARRAY| cf2, [1..4, 1..4, 1..4], | (1, 1,
=0, (1, 1, 2) =% a0, (1, 1,3)=0, (1, 1, 4)=0, (1, 2, 1) == A(r), (1, 2
b bl b dI‘ bl bl bl bl b bl bl b bl dl" b bl b

2)=0, (1, 2, 3)=0, (1, 2, 4)=0, (1, 3, 1)=0, (1, 3, 2)=0, (1, 3, 3)=0, (1, 3,

4)=0, (1,4, 1)=0, (1, 4, 2)=0, (1, 4, 3)=0, (1, 4 4) =0, (2, 1, 1)

r

B o2 B(r)”

(2,3, 4)=0, (2,4, 1)=0, (2,4, 2)=0, (2, 4, 3)=0, (2, 4, 4) =

. 2
—%, (3,1, 1)=0, (3, 1,2)=0, (3, 1, 3)=0, (3, 1, 4)=0, (3, 2 1) =0,
e

(3,2 2)=0, (3 2 3) :%, (3,2 4)=0, (3,3 1)=0, (3, 3, 2):%, (3, 3, 3)

=0, (3, 3,4)=0, (3,4 1)=0, (3,4, 2)=0, (3, 4, 3)=0, (3, 4 4) =

-sin(0) cos(8), (4, 1, 1)=0, (4, 1, 2)=0, (4, 1, 3)=0, (4, 1, 4)=0, (4, 2, 1)

=0, (4,2 2)=0, (4, 2 3)=0, (4, 2, 4) :%, (4,3, 1)=0, (4 3, 2)=0, (4, 3, 3)
=0, (4, 3, 4) = C(_’S(e), (4,4, 1)=0, (4, 4 2)=L, (4, 4, 3) = C(_’S(e), (4, 4, 4)
sin(0) r sin(0)



Robertson-Walker-Space
restart

with(tensor) :
coord :=[r, 6, ¢]
[, 6 ¢]

g compts := array(symmetric, sparse, 1..3, 1..3)

array(symmetric, sparse, 1..3, 1..3, [])

g compts, | ==-exp(2-B(t, r)) : g compts, , = -2
g_compts, . = —1Psi (theta)Z: g :=create([-1, -1], eval(g_compts))
_eZ B(t, r) 0 0
table| | index_char=1[-1, -1], compts = 0 e 0
0 0 -r* sin(6)
ginv := invert(g, ' detg’)
1
- 0 0
e2 B(t, r)
1
table| | index_char =1, 1], compts = 0 _E 0
0 0 - L
r sin(ﬂ)

Dlg :=dlmetric(g, coord) : D2g:= d2metric(Dlg, coord) :
Cf1 := Christoffell(DIg) :

RMN := Riemann(ginv, D2g, Cfl) :

RMNc := get_compts(RMN) :

map(proc(x) if RMNc[op(x)] # 0 then x=RMNc[op(x)] else NULL end if end
proc,
[ indices(RMNc)] );

[[1, 3, 1, 3]:-(6% B(t, r)j rsin(0)% [1, 2, 1, 2]:-[6% B(t, r)) r [2, 3, 2, 3]

_ (COS(9)2 2 Bt ) 4y cos(9)2 — ¢ Bl r))
- eZ B(t, r)

RICCI := Ricci(ginv, RMN)

table| | index_char=[-1, -1], compts=|| -

0

[— B(t, r)) r+e? Bt

0, -~Or 0

: 2 B(t, r) R
e

1 2 (0 2 2 B(t, 1) 2
[0, 0, m(cos(e) (— B(t, r)) r+cos(0)” e —cos(8)

IS T

— (ai B(t, r)j r—e® Bt +1)]

r




RS :=Ricciscalar(ginv, RICCI)

0
2 [2 (a_r B(t, r)j r+é? Bt 1 1)
table| | index_char =], compts= 20 2
Estn :=Einstein(g, RICCI, RS)
table| | index_char=[-1, -1], compts
2 B(t, r)
e 1
5 0 0
r
i . (a— B(t, 1”)] r .
e2 B(t, r)
[a— B(t, r)) T (—1 + cos(0) )
0 0 B 2 B(t, 1)

Cf2 := Christoffel2(ginv, Cf1)

table[

_ 90 _ _ _ _ r
1) a— B(t, 1”), (1, 1, 2)70, (1, 1, 3)70, (1, 2, 1)70, (1, 2, 2)7_6213(—t,r)’

index_char=[1, -1, -1], compts —ARRAY[ cfZ, [1..3, 1..3, 1..3], [(1, 1,

r sin(9)2

(1, 2, 3)=0, (1, 3, 1)=0, (1, 3, 2)=0, (1, 3, 3) = 2B 1)

) (2) 1) 1)20) (2)

1 2):5 2 1,3)=0, (2 2, 1):%, (2,2, 2)=0, (2 2 3)=0, (2 3, 1)=0,

(2, 3, 2)=0, (2, 3, 3)=-sin(0) cos(8), (3, 1, 1)=0, (3, 1, 2) =0, (3, 1, 3)

cos(9) 1
sin(e)’ (3,3, 1)= = (3, 3, 2)

:%, (3,2 1)=0, (3 2 2)=0, (3, 2, 3) =

28 s




RW metric

restart
with(tensor) :

coord := [1:, r, O, (])]

[t 16 0]

g compts := array(symmetric, sparse, 1..4, 1..4)

~a(t)*
g_comptsly | = 1 gfcomptsz’ g =T
1 —k-r
g compts, , = a(t)2 ?: g compts, ,=-a(t)*r* sin(9)2 . g:=create([ -1
— 3, 3 o= 4, 4 : . ’
table| | index_char=[-1, -1], compts
[ 1 0 0 0
2
o -—al) 0 0
- k41
0 0 —a(t)? 7 0
0 0 0 ~a(t)® r* sin(0)

ginv := invert(g, ' detg’)

table

Dlg :=dlmetric(g, coord) :

Cf1 := Christoffell(DIg) :

array(symmetric, sparse, 1..4, 1..4, [])

index_char=[1, 1], compts

0 0
0 0
1
- 0
r a(t)2
1
0 - . 2 ¢ 2
sin(0)” r* a(t)

D2g := d2metric(Dlg, coord) :

RMUN := Riemann(ginv, D2g, Cf1) :

RMNc := get_compts(RMN) :

-1], eval(g _compts))



map(proc(x) if RMNc[op(x)] # 0 then x=RMNc[op(x)] else NULL end if end
proc,
[ indices(RMNc)] );

2

_ 2 . 2 d B 2 d2
[1, 4, 1, 4]=a(t) sm(e) (— a(t)], [1, 3, 1, 3]=a(t) r [— a(t)], [2,

dt? dt?
d 2 ¢’
 a(t)? [(d— a(t)j +1<) a(t) 2 a(t)
3,2, 3]= - L2 1, 2]=- - 13, 4,
kr—1 kr—1
3, 4] a(t)2 rt [cos(@) [dit a(t)jz—i—cos(e)2 k — (dit a(t))z—k], [2, 4, 2

RICCI := Ricci(ginv, RMN)

table{

2 2
a(t) [d— a(t)] b2 (i a(t)) 2k
0,

index_char=[-1, -1], compts=

d’ de
kr*—1

RS :=Ricciscalar(ginv, RICCI)

table[

Estn := Einstein(g, RICCI, RS)

index_char =[], compts =




index_char=[-1, -1], compts =

table{

a(t)?
’ & d 2
2 a(t) [525 a(t) | + (a; a(t)) +k

0, - — 0.0
2 2

0,0 2 a(t) 1 [;2 a( ) +(dit a(t)) 24k o
t
2

0, 0,0 -r [2 {ddz a(t)j cos(8)” a(t) + cos(8) [
t

Cf2 := Christoffel2(ginv, CfI)




table| | index_char =11, -1, -1], compts=ARRAY| cf2, [1..4, 1..4, 1..4], |(1, 1,

(1, 4, 1) =a(t) * sin(0) [d% a(t)), (21,120, (21, 2) =S

dt—) (2’ 2) 2):_%’
kr—1

2,4)=0, (2,3, 1)=0, (2,3, 2)=0, (2,3 3)=(k*=1) 1, (2,3, 4)=0, (2, 4,

1)=0, (2,4, 2)=0, (2 4, 3)=0, (2 4 4) =(k ©* —1) r sin(8)*, (3, 1, 1)=0,

< a(v)
(3, 1, 2)=0, (3, 1, 3) = 0 , (3, 1,4)=0, (3,2, 1)=0, (3,2, 2)=0, (3, 2,
| dit a(t) |
3)=—, (3,2, 4)=0, (3,3, 1)= 0 , (3,3,2)==,(3,3,3)=0, (3, 3, 4)

=0, (3,4, 1)=0, (3, 4, 2)=0, (3, 4, 3)=0, (3, 4, 4) = -sin(0) cos(8), (4, 1, 1,

< a(1)
S0 (4 1,2) =0, (4 1, 3)=0, (4 L 4) =Ty (4.2, 1) 20, (4,2, 2)=0,
(4, 2, 3) =0, (4, 2, 4) :%, (4, 3, 1) =0, (4, 3, 2) =0, (4, 3, 3) =0, (4, 3, 4)




four-dim diagonal metric

> restart
with(tensor) :
coord := [t, r, 0, q>]
[t 6 0]

g compts := array(symmetric, sparse, 1..4, 1..4):

g compts, | = f(t, r): g _compts, =-G(t, r):
g compts i=-1%: g compts, ,=-1° sin(9)2 . g:=create([ -
— 3,3 - 4, 4 -8
f(t, r)
0
table| | index_char=[-1, -1], compts= 0
0

ginv := invert(g, ' detg’ ) :

Dlg :=dlmetric(g, coord) : D2g:=d2metric(Dlg, coord) :

Cf1 := Christoffell(DIg) :

RMUN := Riemann(ginv, D2g, Cf1) :

RMNc := get_compts(RMN) :

map(proc(x) if RMNc[op(x)] # O then x=RMNc[op(x)] else NULL

proc,
[ indices(RMNc)] );

1, -1], eval(g_compts))

(

0 0
-G(t, r) O
0 -r

0 0

end if end

0

0

0
—r2 sin



] [i G(t, r)

_ 1 \at
[1, 3, 2, 3]= 5

) .
ot 1) , [3, 4, 3, 4]

r (cos(6)2 G(t, r)+1— cos(e)2 — (¢, r))

- ot 1) . [2,3, 2, 3]=
9 9
1 [6_1” G(t, 1”)) r | (& G(t, r)] r sin(9)2
3 ) , [1, 4, 2, 4]:—5 ) ,[1, 31, 3]=
9 9
1 [a_r £(t, 1”)) r { [a_r f(t, r)) r sin(9)2
2T won bt O 1L 21, 2)=
- : 2 @ f(t f(t G(t, r) — | — f(t : G(t
4 f(t, r) G(t, 1) a2 (. r) | £(t, 1) 6(t, 1) [r(,r)) (

RICCI := Ricci(ginv, RMN)



. - 1 1 02
index_char=1[-1, -1], compts= " 2 | — f(t,

table 5 5
G(t, r)° f(t, r) r or
0

r)) G(t, r) f(t, r) r— [6% f(t, 1”)]2 G(t, r) r— (6_{1" f(t, r)j [6_1” G(t,

9 3 )
r)) F(t 1) T+ [a_t f(t, r)j [5 G, r)) G(t, 1) r—2 (aa? G(t, r)] G(t,

2
r) f(t, r) r+ (a_at G(t, r)j f(t, r) r+4 [a% f(t, r)j G(t, r) f(t, r)]

9 G(t, r)
_at— O 0
r6(t,r) 7
0
— G(t, 1) 9
ot 1 1 0
= TR o r)2 P T(Z [arz f(t, r)] G(t, r) f(t, r) r
9 2 9 ]
—[a—r f(t, r)) G(t r)r—[a—r f(t r)) [E G(t, r)) f(t, r) r
+ [6% f(t, r)) (a_at G(t r)} G(t, r) r—2 [% G(t r)] G(t, r) f(t, r) r
2
+ ((% 6(t, r)) f(t, r) r—4 (a% 6(t, r)] (4, r)2], 0, 0},

[o, 0, % - r)zlf(t, - ([a_ar f(t, r)j r Gt 1) — [a_ar G(t, r)) Pt 1)

—26(t, 1)% £(t, 1) +2 £(t, 1) G(t, r)j, o],

1 1 0 2
[O, 0, 0, "3 o r)2 fo o) ((ar f(t, r)) cos(0)” G(t, r) r

—005(9)2 [6% G(t, r)) f(t, r) r—2 cos(9)2 G(t, r)2 f(t, r)

+2 cos(8)” G(t, 1) £(t, 1) — (3 f(t, r)j r 6t 1) + [a_ar 6(t, r)) rf(t, T

or D

+26(t, r)% £(t, r) —2 £(t, 1) 6(t, r)j

RS :=Ricciscalar(ginv, RICCI)



table[

2
M&WJMH=[Lcmmm=—l 21 BT 2 ﬁEfU,HJGU,
2 f(t, 2 6(t, 1)° 1

r) f(t, r) ¥ — (a% £(t, r))z G(t, r) r* — [% £(t, r)) (a% 6(t, r)j f(t,

r) r2+(a—i £(t, r)] [a—i o(+, r)) 6(t, 1) 1 —2 [% (. r)J Gt 1) £(t,

2
r) 4+ (a—i G(t, r)j f(t, r) r* +4 [a% f(t, r)j G(t, r) £(t, r) r

—4 (a% 6(t, r)] £(t, r)2 r—4 6(t, r)* £(t, r)>+4 £(t, )% 6(t, r)]

Estn := Einstein(g, RICCI, RS)



index_char=1[-1, -1], compts =

o |

£(t, r) ((3 6(t, r)) r+6(t, r)> —6(t, r)j 9 G(t, r)

or ”
_ rZG(t,l”)Z ’_I"G(t,r)’o’o’
_E G(t, 1") _[_1" f(t, 1")] r—f(t, 1") G(t r) +f(t, 1,.) -
r G(t, r) f(t, 1) 2 , 0,
1 1 62
0, 0, -— o [0 py o .
boa(e, ) (e r)z(r( [arz ( ”J (t. 1) £(t, 1) r

+ (ai f(t, r)) (62 G(t, r)j G(t, r) r—2 [8—22 G(t, r)] G(t, r) £(t, r) r

n [i o1, r))z £(t, ) r+2 [3 f(t, r)) G(t, r) £(t, r) —2 [i G(t,

ot or or
r)) £(t, r)ZJJ, 0},
1 1 02 2
0, 0,0, - PRI, r)Z[r [2 [a? f(t, r)J cos(8)” G(t, r) f(t,

) r— [a% ot r))z cos(8) 6(t, 1) r— (a% ot r)j cos(6)” [i o,

r)| f(t, r) r+ [6% f(t, r)) cos(e)2 (a_at G(t, r)) G(t, r) r—2 (aa% G(t,

2
r) cos(e)2 G(t, r) £(t, r) r+cos(6)2 (i G(t, r)j f(t, r) r+2 [i f(t,

ot or
0s(8)” 6(t, 1) £(t, r) — 2 cos(8) (a% 6(t, r)j £(t, r)> =2 (a% £(t,

ry| G(t, r) f(t, r) r+ [a% f(t, 1"))2 G(t, r) r+ (6% f(t, r)] [6% G(t,

=
~—

Ne— Ne— N~
o

r)| £f(t, r) r— (a% £(t, r)) (a—i 6(t, r)j G(t, 1) r+2 (a% 6(t, r)] 6(t,

2
r) f(t, r) r— [(% G(t, r)) f(t, r) r—2 (6% f(t, r)] G(t, r) f(t, r)

D

+2 (a% 6(t, r)j £(t, r)zj]

Cf2 := Christoffel2(ginv, CfI)



table| | index_char =11, -1, -1], compts=ARRAY| cf2, [1..4, 1..4, 1..4], |(1, 1,

0
a f(t, r)

) f(t, r)
2 f(t, r)

or

- 1
1= 2 f(t, r)

(1,1, 2)= (1, 1,3)=0, (1, 1, 4)=0, (L 2,

f(t, r) i G(t, r)

(1,2 2)=1 &

or 1
2 f(t, r)

1
D=3 f(t, r)

(1,2 3)=0, (1, 2 4)=0, (L 3,

1)=0, (1, 3, 2)=0, (1, 3,3)=0, (1, 3, 4)=0, (1, 4, 1) =0, (1, 4, 2) =0, (1, 4,

r
6(t,

3)=0, (2,2 4)=0, (2,3, 1)=0, (2, 3, 2)=0, (2, 3, 3)=- L (2,3, 4)

=0, (2,4, 1)=0, (2,4, 2)=0, (2, 4, 3)=0, (2, 4, 4)——%, (3, 1, 1)

r)
)2
)

=0, (3, 1,2)=0, (3, 1,3)=0, (3, 1, 4 =0, (3,2, 1)=0, (3, 2, 2)=0, (3, 2, 3)

=%, (3,2 4)=0, (3,3 1)=0, (3, 3, 2):%, (3,3,3)=0, (3,3 4)=0, (3, 4, 1

=0, (3,4,2)=0, (3, 4, 3)=0, (3, 4, 4) = -sin(8) cos(®), (4, 1, 1)=0, (4, 1, 2]
=0, (4, 1,3)=0, (4, 1, 4)=0, (4, 2, 1)=0, (4, 2, 2)=0, (4, 2, 3)=0, (4, 2, 4)

“L s 1)=0, (4,3, 2)=0, (43, 3)=0, (4, 3, 4) = <28
r sm(e)

, (4,4, 1)=0,

1 ~ cos(0) _
(4, 4, 2) = (4, 4, 3) = sin(e) , (4, 4, 4) —OUH



Ads
> ginv:= invert(g, ' detg’)

table| | index_char =11, 1], compts

1”2
- 5 0 0
-r—1r +pu
. —1'4—r1"2+].L .
2
r
= O 0 _L
r
0 0 0
0 0 0

Dlg :=dlImetric(g, coord) : D2g:=dZmetric(DIg, coord) :
Cf1 := Christoffell(DIg) :
RMN := Riemann(ginv, D2g, Cfl) :

RMNc := get_compts(RMN) :

0 0
0 0
0 0
L 0
9 .
r* sin(y)
1
0 B 92 . 2 . 2
r* sin(y)” sin(0)

map(proc(x) if RMNc[op(x)] # 0 then x=RMNc[op(x)] else NULL end if end

proc,
[ indices(RMNc)] );




4 4
-ty
PSR g gy 4r +2u

4 7[1) 57 1) 5]
r -r —r +u

1,2 1, 2]=

(=P ) () sin(y)’ Si“(9)2, (14,1, 4]

42 4 : 2
(=) () sin(y)? (3, 4, 3, 4]= -sin(y)> (= +u), [4 5

4, 5] = —sin(\p)2 (—cos(e)2 (:os(\|!)2 r —i—cos(e)2 r +cos(\|!)2 r

+cos(9)2 cos(\|1)2 u—r4—cos(9)2 pv—cos(w)2 u—l—p,), [2, 4, 2, 4]=

_(r4+},t) sin(\p)z’ [2, 5, 2 5]= _(1”4+H) Si“(‘l’)2 Sin(e)Z’ [1, 3, 1, 3]

—r4—r2+},t —1“4—1”2-1-].1
4 2 4
=) ) e in(e)? sin(y)? (< )
r

RICCI := Ricci(ginv, RMN)

42
table[ index_char=[-1, -1], compts= l4 ( 2 2r +H) 0, 0, 0, O],
r
2

0, —44—2, 0, 0, 0f,

-r—r +pu
0,0 41% 0 0
0.0 0 4 r° (cos(9)2 cos(\u)z—cos(B)Z—cos(\u)Z—i-l) 0
, 0,0, ’ 5 » O},

sin(0)

0, 0,0 0 4 7 (cos(e)2 cos(\|f)2 —cos(e)2 —cos(\p)2 +1> ”

RS :=Ricciscalar(ginv, RICCI)

table[ index_char=1[], compts=

20 (003(6)2 cos(\|1)2 — cos(B)2 — cos(\u)2 + 1)
sin(\|/)2 sin(6)2

|

Estn :=Einstein(g, RICCI, RS)



table[ index char=1[-1,

-1], compts=|| - 12 2(6 (
 sin(y)” sin(0)

—COS(G)2 cos(\;/)2 - cos(9)2 cos(lp)2 o+ cos(9)2 ot cos(\|/)2 4

.
+ cos(8)” cos(y)® w+ 1% cos(8)” + 1 cos(y)” — r* — cos(8)” w — cos(w)” 1
—Z+u)). 0,0 0 0]
’0 6 1* (cos(8)” cos(y)® — cos(8)” — cos(y)” +1) 0 0o
| (' =+ ) sin(y)” sin(6)” -
0o 87 (cos(8)? cos(y)® — cos(8)” — cos(y)® +1)
sin(y)” sin(e)’
00 0 8T (cos(8)” cos(y)” — cos(8)” = cos(y)® +1) .
o sin(6)” ’

)

, 0, 0},

0,0, 0 0, -61° (cos(e)2 cos(\p)2 —cos(e)2 —cos(\p)2 + 1)

Cf2 := Christoffel2(ginv, CfI)



table[ index_char=[1, -1, -1], compts=ARRAY| cf2, [1..5, 1..5, 1..5], | (1, 1,

r4+u

4 2

1)=0, (1, 1, 2) = -
r(—r —r +|.1)

L (L, 1,3)=0, (1, 1, 4) =0, (1, 1, 5) =0,

r4+u
r (—r4—r2+|,t)

(1,2, 1) =- ,(L,2,2)=0, (1, 2, 3)=0, (1, 2, 4 =0, (1, 2, 5)
=0, (1,3, 1)=0, (1, 3, 2)=0, (1, 3, 3)=0, (1, 3, 4)=0, (L, 3, 5)=0, (1, 4, 1)

=0, (1,4, 2)=0, (1, 4, 3)=0, (1, 4, 4)=0, (1, 4, 5)=0, (1, 5, 1)=0, (1, 5, 2)

=0, (1, 5, 3)=0, (1, 5, 4)=0, (1,5 5)=0, (2, 1, 1) =

5)=0, (2,3, 1)=0, (2, 3, 2)=0, (2 3, 3) =

=0, (2,4, 1)=0, (2,4, 2)=0, (2, 4, 3)=0, (2, 4, 4)

_ 4_ 2 . 2
Gt +r“) sin(y) ,(2,4,5)=0, (2,5, 1)=0, (2 5 2)=0, (2 5, 3)
4 2

. 2 . 2
=0, (2,5, 4)=0, (2 5, 5) = (' =r+p) imW) sin(0)” 5 1 1)-0, 3

1, 2)=0, (3,1, 3)=0, (3, 1, 4)=0, (3, 1, 5)=0, (3, 2, 1)=0, (3, 2, 2)=0, (3,
), 3):%, (3,2 4)=0, (3, 2 5)=0, (3,3, 1)=0, (3 3, 2):%, (3, 3, 3) =0,
(3,3,4)=0, (3, 3,5)=0, (3, 4, 1)=0, (3, 4, 2)=0, (3, 4, 3)=0, (3, 4, 4) =
“sin(y) cos(w), (3, 4, 5)=0, (3,5, 1)=0, (3, 5, 2) =0, (3, 5, 3) =0, (3, 5, 4)
=0, (3, 5, H) = —sin(\u) sin(e)2 Cos(\p), (4,1, 1)=0, (4, 1, 2)=0, (4, 1, 3)
=0, (4,1, 4)=0, (4, 1, 5)=0, (4,2, 1)=0, (4 2, 2)=0, (4 2 3)=0, (4 2, 4)

:%, (4,2,5)=0, (4 3, 1)=0, (4, 3, 2)=0, (4, 3, 3)=0, (4 3, 4) = COS(‘"),

sin(y)

(4,3, 5)=0, (4, 4, 1)=0, (4, 4, 2) =L, (4, 4, 3) = C?S("’), (4, 4, 4)=0, (4, 4,
r sin(y)

5)=0, (4,5, 1)=0, (4, 5, 2)=0, (4, 5, 3)=0, (4, 5, 4)=0, (4, 5, 5) =

-sin(8) cos(8), (5, 1, 1)=0, (5 1, 2)=0, (5, 1, 3) =0, (5, 1, 4) =0, (5, 1, 5)



2-d

restart
with(tensor) :
coord := [x, y]
[x ¥]
g compts := array(symmetric, sparse, 1..2, 1..2):
gfcomptsl, L= F(x, y) : gfcomptszy ) =-G(t, r) :

g :=create([-1, -1], eval(g compts))

table[ index_char=[-1, -1], compts=

ginv := invert(g, ' detg’) :

Dlg :=dlmetric(g, coord) : D2g :=d2metric(Dlg, coord) :

Cf1 :=Christoffell(Dlg) :

RMN := Riemann(ginv, D2g, Cfl) :

RMNc := get_compts(RMN) :

map(proc(x) if RMNc[op(x)] # O then x=RMNc[op(x)] else NULL end if end

proc,
[ indices(RMNc)] );

2 0 2
2 [6—2 Flx y)] Fx ) = (55 Flx )
(1, 2, 1, 2]:& 0y

F(x )

RICCI := Ricci(ginv, RMN)

table| | index_char=[-1, -1], compts =

i 9 ’
5 [—2 Flx y)] Fx ) = (55 Pl )

_ oy 0 0
4 G(t, r) F(x, y) Tl
K (0 ’
1 2 [ayz F(x, y)] F(x, y) (6)/ F(x, Y))
4 F(x, y)?

RS :=Ricciscalar(ginv, RICCI)

2 (6—2 F(x, y)] F(x, y) — [i F(x, y)j2

0y” oy

table| | index_char=1[1], compts=-— 5
2 F(x )% 6(t, 1)

Estn := Einstein(g, RICCI, RS)

table[

00
index char=[-1, -1], compts = [ 00 H]

Cf2 := Christoffel2(ginv, Cf1)



index _char=[1, -1, -1], compts=ARRAY| cf2, [1..2, 1..2, 1..2], l(l, 1,

table[

0 0 0
— [F(x, y) — [(x, y) — [(x, y)
1 0x 1 0y _1 oy
1)_5 F(x, y) ~ (L 1 2)_5 F(x, y) ~ (L21) 2 Flx, y) (1,2,
0
| 5 F(x, y)
2)=0, (2, 1, 1) _E ) , (2, 1,2)=0, (2,2, 1)=0, (2,2,2)=0

2-d general
> restart
with(tensor) :
coord : =[x, y]
[% v]

g compts := array(symmetric, sparse, 1..2, 1..2):

g compts, | = F(x, y) : g_compts, =-G(t, r) : g compts, =-K(t, r) :

g :=create([-1, -1], eval(g _compts))
F(x, y) -K(t, r)

index char=[-1, -1], compts =
-K(t, r) -G(t, r)

table[

|

ginv := invert(g, ' detg’) :

Dlg :=dlmetric(g, coord) : D2g:= d2metric(Dlg, coord) :

Cf1 := Christoffell(DIg) :

RMN := Riemann(ginv, D2g, Cf1) :

RMNc := get_compts(RMN) :

map(proc(x) if RMNc[op(x)] # 0 then x=RMNc[op(x)] else NULL end if end

proc,
[ indices(RMNc)] );

1
F(x y) 6(t, )+ K(t, r)?

[[1, 21, 2]= -+

2 . 2
+2 [a_ F(x, y)] K(t, 1)°> = G(t, 1) (aﬂ F(x, y)] ]

0 y2

RICCI := Ricci(ginv, RMN)



! 5 [F(X,
(F(x, v) 6(t, 1) +K(t, 1)?)

table| | index_char=[-1, -1], compts = —i

v) |2 [6—22 F(x, Y)] G(t, r) F(x y) +2 [6—2 F(x, y)] K(t, r)* — (e,

0y 6y2
0 2 1 1
r) | == F(x ) J] - [K(t,
[(’)y j ! (F(x v) 6(t, r) +K(t, r)2)2
62 62 9
r) |2 |— F(x y)| G(t, r) F(x, y) +2 | — F(x, y) | K(t, r)° —G(t,
[ [ayz ] [65/2 ]
0 2
0 (g rx ) m
2
i 1 z[K(f’ r) [2 {6—2 F(x, y)J 6(t, ) F(x )
(P(x y) 6(t, r) +K(t, 1)?) 0y

9 ) 2
o [6—2 Fx, y)] K(t, )° = G(t, 1) (a—ay Fx ) ]J

i Z[G(t, r) [2 [—2 F(x, y)] G(t, r) F(x y)
(F(x v) G(t, r) +K(t, 1)?) oy

RS :=Ricciscalar(ginv, RICCI)

2
table[ index_char =], compts= —% ! 5 [2 [8—2 F(x,
(F(x, ) 6(t, 1) + K(t, 1)°) oy

y 2
y)J G(t, r) F(x y) +2 [6—22 F(x, y)] K(t, )% = 6(t, 1) [ai F(x, y)) ]U
oy y

Estn :=Einstein(g, RICCI, RS)

table[

00
index char=[-1, -1], compts= [ 00 H]

Cf2 := Christoffel2(ginv, Cf1)



index_char=1[1, -1, -1], comptsARRAY[cfZ [1..2,1..2, 1..2], l(l, 1,

table[

0 0
K(t, r) (5 F(x, y)] + G(t, r) (a—x F(x, y)

_ 1 ] (1, 1, 2)
2 F(x, v) G(t, ) +K(t, r)°

0 0
G(t, — , G — ,
6w (5 R ) o yr e (5 "x ) .
2 F(x, ) G(t, r) +K(t, 1) 2 F(x, ) G(t, r) +K(t, 1)°
L) (g5 Fou ) | =K ) (5 R |
2)=0, (2, 1, 1)== , (2,1, 2)=
2 F(x, v) G(t, r) + K(t, r)*
0
K(t, r) | — F(x y) K(t, r) | = F(x )
1 (a j (22 1)= -+ [ay ) (2,
2 F(x, y) G(t, r) +K(t, r)? 2 F(x, y) G(t, r) +K(t, r)?
2, 2) OH ]
Homework1l
> restart
with(tensor) :
coord := [x, y]
[x ¥]
g compts := array(symmetric, sparse, 1..2, 1..2):
e & :
g,gcomptsl 1 :=—% : gfcompts2 9 :=—% : gfcompts1 g =T If 5
’ ) ’ TS ’ Py
e i I’

g :=create([ -1, -1], eval(g_compts))



table| | index char=[-1,

-1], compts

y2
1__
_ R2 B XYy
1_x2+y2 R2 1 X2—i-y2
) 2 P
= y2
1__
B Xy _ R2
R2 1 X2+y2 1_X2+y2
i i

ginv := invert(g, ' detg’) :

Dlg :=dlImetric(g, coord) : D2g:=dZmetric(DIg, coord) :

Cf1 :=Christoffell(Dlg) :
RMN := Riemann(ginv, D2g, Cfl) :
RMNc := get_compts(RMN) :

map(proc(x) if RMNc[op(x)] # 0 then x=RMNc[op(x)] else NULL end if end

proc,
[ indices(RMNc)] );

[[1, 2 L,21=BF 22 -F -8k L +6R y¥—F <

+TR Ly -6 R P +4ax 220 +2 YS)/((R2

—2 Ry — ¥ y2+y4))]

RICCI := Ricci(ginv, RMN)

—2=) (i



table[

index_char=1[-1, -1], compts=H((R2—y2) (3 Bl—2RF y#—RF
—8R4X2y2+6R4y4— X4y2—|-7R2X2y4—6R2y6+4X4y4—2X2y6

+2 )/8))/((1?2—)(2—)/2)2 (R4—2R2 y2—X2 y2+y4)2>, (xy(3R6X2

—2 B R —3 ¥ y2+6R4y4— X4y2+7 ¥ y4—6R2y6
—|—4X4 y4—2 P y6+2 y8))/((R2—X2—y2)2 (R4—2R2y2—X2 y2+y4)2)],
(Xy(3R6X2—2R6 2 -8 X2y2+6R4y4— X4y2

+7R2 X y4—6R2 y6+4 x y4—2 X y6+2 yg))/((RZ—XZ—yZ)Z (R4

2
—2R2y2—X2 y2+y4) ) ((Rz—yz) (3R6X2—2R6 2R
—8R4X2y2+6R4y4— X4y2+7R2X2y4—6R2y6+4x4y4—2x2y6

+2 YS))/<(R2—X2—Y2)2 (R4—2 Ry — % y2+y4)2>m)

RS := Ricciscalar(ginv, RICCT)
table([index_char: [ comts=-(2(3F *—2F »—F x*—8 & £
46 R VR +TR LY -6 R S +axt -2 542 y8))/

(-2 =2 24 s) (B2 )]

Estn := Einstein(g, RICCI, RS)

table
00

00
index_char=[-1, -1], compts—l H]

Cf2 := Christoffel2(ginv, CfIl)

table[

index_char=[1, -1, -1], compts—ARRAY[cfZ, [1..2,1..2,1..2], [(1, 1,

(F—) x (B —2 )

1):(R2—X2—y2) (R4—2R2 V=¥ y2+y4)

, (1, 1,2)=0, (1,2 1)=0, (1,

x( X2—2R2y2+2y4)
2,2)=- , (2,1, 1
N Y PRy
= v (R —7) 21, 2)=——— (2,2, 1) = ———
R4—2R2y2—X2y2+y4’(’ = RZ—XZ—yZ’(’ = R2—x2—y2,

I y(R2+X2—3 y2)

2, 2, 2) = (
( ) (RZ—X2—YZ) (R4—2R2y2—x2y2+y4)

J



