Chapter 5

Dirac Delta Function

.1 Definition and Properties of Delta Function

.2 Delta Function as Weak Convergence Limits of Ordinary Functions
.3 Delta Function in Multidimensional Spaces

.4 Generalized Fourier Series Expansion of Delta Function
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”j&(r—ro) dv =Hj5(x—x0) S(y—-Y,) 6(z—z,) dxdydz ={ '

5.3.2
1L r,eQ ( )

B e R
0, 1,gQ

IKJ;J' f(r) o(r—r,) dxdydz :{f(ro), e

ER, W& ERUE, K(6.3.0) AL EHT AR R AR B S B R geAR o —Fh
BEEFCREM T,

j“; f(r)o(r-r,) dv = j‘: f(xy,2) 5(x—%,) 5(y—Y,) 6(z—1,) dxdydz

(5.3.3)

[ 100, y,2) 3y - o) 8z 2,) dydlz
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= [ £ (%, Y0, 2) 5(2=12,) dz = £ (%, ¥, 2,) = F (1)
SRE, Bh5(5.3.3) R AL R,
HEBREFMSTE AR, r,=(0,00) K, RE¥(G.3.1)-533)=R+FHKrH

(0,0,0) ARE BT,

TR n BT E AR E, W AR T =RIIETERE X.
% Y23 18] h ) SRR B A T BT RIBSA T - PR MR R AL AR B L r 8 n 42

[6] R" O B ) B B R 2 1

Ln f(r) 8(r-r)) dQ = Ln f(r+r) s(r) dQ = f(r,) (5.3.4)
MRS 1
[, 1) stan a0 = [ 1) —0m do (5.3.5)

FESRFEHE BTN, I B & 2 i R 207 2 LA LA SRR B,
TAERRD P ) SER B RERS A I AR B 0 TTIE B, RAU(5.3. 1) IRKE, AR ILIE
HHMBHBERRA.

5.3.2 EL A AR 2 B 1 £e A B AR I AR #e

BATE 4 =427 6] SRR EL A AAAR 2R B i 2 AL A5 2R 1 — AR K.
1 24P m

B 2R A8 R B ARFR R (0, 0,) FE— LR T =(0,,0,) = (%, y) AL HI AR R
S5EARRRNBIFZRIHIRRR
X= X(Ql’ qz)v y= y(ql1 qz)

AT AT HI R
- oxy) ox/oqg, oylaoq,
8(q,,09,) |ox/oa, oylaq,

WEHIL:  dS =dxdy = J|dgda,
BAEH — RS
| = [, o(n)3(x=x)3(y - y')dxdy
AT AL H AT R R AR BT AR L F R
| = .. o(r)5(a, — o)5(a, — d;)doyda,
B R R T A TG A4 008 S o T AR TG A4

=] 54 —qli)\]él(qz ~%) 45
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AR, WERREN S TR, 2502 0NZF

S(x—X) 5(y—y') = ﬁ 56, -)) 5(a, —a)) (5.3.6)

2. =T N

B R AR RN AR (0,,0,,0,) FTE—MLR T = (0,0, 0) = (X, ¥, 2) LRI HI LR
Abr R 5 B AL RRBARZ AR R 2

X = X(Gy, 0, G5), Y = Y(0h Gy, 0s), Z = 2(0, 0, Gg)

FERT AT 5K
oxl/oqg, oylog, ozlaoqg
:%:M@q2 oyldq, ozldq,
v \oxleq, oyloq, ozléa,

TG dV = dxdydz =| J | dg, dg, da,
WEF R

| = Ls p(ro(x—x)o(y—y")o(y—z')dxdydz
B B H LA AR R P IR BE B A TR

| = [, o(r)o(a, — o)5(a, — d;)5(q; — 63)da,da,da
HERARIHEBTC ARG 188 B B AR AR 4

1= o) o(a —q{)é(q|2J—|q;)5(q3 ~%) 4y

BHOTHRE, WHARRBNTEEME TR, JI - 0MN&F

S(x—X) 5(y—y) 8(z—7) = Uil 56, -4) 5(q,-a) 9 -q))  (5.37)

BERHE, X(5.3.6)M(5.3.7)BLK KA R HATIIAANE. 5 I AR
K2R B X B R AR5 A SRS i H A i il 22865 R T 2R B

3. FHERABIRERETH S(r - 1) HIBEFERR
B E A R BRE (X, y) ERAITR R BZE (r,0) ZIHBHXE

X=rcos@,y=rsing

wiE, FHZ

i, AAEREON (x, y) M (r, @) ZIBAL T —— XM HISR R AR TTA

17



dS=dxdy=rdr d¢
SRR (5.3.6)FI &0, UMLEFMNA

_ S(r—r)o(e—9,) _ S(r—n)o(e—9,)
|91 r

o(r—r,) s ;>0 (5.3.8)

X+ F(5.3.8) T 1, » O RHAR R LA I B r = 0 th R Wtk, BNRHE SREHIIZ
BRI, B2 RAE IR A HIAEHR (1, ) EIEF.

HRHr, =08, x,=0,y, =0fr=0,¢p, =02 A L5.3.6) I FEHK ——Xt
RIIRART R(5.3.8)ARREHENA, MRENILNALMELHBIE.

SR ARERBOSMHE = FNE L, EREEL, %3k, PIEN
BEEMKNAEE S AAHEAT BT 2n FHZXANETFRE (5.3.8) R+ HAE o7
REHERE LIRRPEF S HETF 5(0-9,)» BE

6(r-r) 1 1 S(r—r)
r 2t 2ar 0
RIEHLT, >0
o(r)= Zié‘(r -0") = i§(r) (5.3.9)
mr 2nr

MR Z L =08, 5(r) RIS RRN AT RFIBAE, FTEFELT
I
j j 5(r)ds = j j S(X)S(y)dxdy =1

_U5(r)d8 = ﬂ%ﬂr)rdrd(p =1

PEGRR—HR X TRRPRS, TREO .

4, ZHIRBIRRETRIS(r —1,) MIBERAK

=R HMEBUTR

dV =dxdydz = J |drded & = r?sin drdpd @
SRR (5.3.7) AT 41,

o(r—r)= ﬁé‘(r —1,)0(0—9,)0(0-6,)
(5.3.10)

= rzSin95(r—ro)5(<0—¢0)5(6’—00), (r,>0,0<p<21,0<0<m)

B (5.3.10)tBF 2], (5.3.1)H LA B8 =4 1 SRR Hi A ARl ) 708 o
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% OB, (RRRARI ST, So R AR BRI A AR — 1 HUBR L.
BREH AnIBERISTHES, DRLYE o O £ B AT B BE A B T BT 1 4
H%Eﬂéﬁ%(&s.lo)ittlﬂ}i@&ﬁ}%ﬁﬁﬂﬁ@?ﬁ5(40—%)5(9—90) - YN
83

1
o(r) =
() 4nr?

ZHRAIRRTHRO(r—1) KBERFK, BIERSHERUMT.

5(r) (5.3.11)

o(r—r,)= %ﬁ(r -1,)o0(p—9,)0(2—-2,)s 1,>0 (5.3.12)
5(1) = —— 55 () (5.3.13)
2mr
&.4 SREHT ST B R

REMBA—ANTFRR, BER—NABOCEK RS, FHIT S E LK
SR REERIT. B T 57 B4 4 /R B 7 FRAFAE R BUR {y, 0O YE X 7] [a, b] £ AR

—A &R, B, FHXHERESERZRRNSREERTT, RES5(x-x) FH

X, €[a,b].
AT X T
1000 21+ 120(00 -y =0, (a<x<b)
X dx

HIRHE R BR{y, ()} E X [H] [a,b] B&THBIERR A —.

[} ¥a )y, (0p(x)dx = 5, (54.1)
B4,

5(x=%) = 3P P(X) Y3 (%)Y, () (5.4.2)

W B

5(X - XO) = ch yn (X)
BEIAFRLL v, (X) p(x) FEX 8] [a,b] R4 FIFH (5.4.1)R B3]

¢, = [ Y ()S(x—%)p(X)ex = p(x)y: (%)
Bt
O(X=%y) =Zp(xo)y:(xo)yn(x) (5.4.3)
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BT 6(x— %) BR— PN FRETRE, HRITABNEHRT x M x, MR B R A AE

(5.4.3)RFEAT L /f((xx)), BI/E3(5.4.2) R B 22 .

0

XILNEBRA, s TRENS—MHEERE A LT RE R
(5.4 )AL FFAFHIRE y, () MEF MR LA G, AeREBHA%

FrHsE.
EETHEF, RCAPRARERBH TEMERR XRET HEF T
HATMNEZRRAR.

Bl 1 JERGTERHEZR IFERERERL ——H, (0),n=012,--, HF

\/2 n!
H, (x) RJEK % TR R R0 R M IRt R H, (0TI 5 — M RMET
KRB E = RTDKREY, FA4,

ﬂx&)}%rr —=——e PH, (x)H, (%)

Bl 2 Bk ES R IE M —RHE R R R 2|2+ R(x),1=012, ZH R(x)

REALEL . MR LD F R4 RBEXTRE R () TBRE B — MR
BERHED 3 —REE R, A,

S(x—%) = 29i¥<aw)

B AT LA R

o(cos@—cosh,) = ZITHP (cos,)P (cos o)

26,=0, FFAERQ=1, BRK37, WH

2I+1

S(cosf-1) = z R (cos )

Bl 3 HREO(¢)+m’D(p)=0, 0<¢p<2m i 2B B H: &A1 1E M — KT

%ﬁ%%%e‘m‘”, m=0,+1,+2,--

1 &
5 _ N elm(C/’—(/’o)
(@ ¢’o) o mgw

KX m FIRMFERRS, X RREABE (5.1.10)K.
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B 4 ¥ Ss(x—x) EXE a <x, X <2n—a LRI

R EREUIMTELXIE LR R EE R 4 WREAH R &I
EREEE, BE—NEXE BRI 58, f#H— 58 % B RHE R EED .
NI B o) 77 RE R I AH 1)

y'(X)+v?y(x) =0, xel[a,2n—al, Yy(@)=y@2rn-a)=0

HIfE. B THURIT B RBEIL AL RIME N, FrU RS —RFF a4k T2 I8
fE VT LA B

y(X) =sinv(x+ )
FIFIA T RAERKRBAAL v (x + B) FEIFEAEHV BROB RN 524
sinv(a+ ) =0,sinv2r—a+£)=0

RiZA via+pB)=mn,v2n—a+ f)=nn
=3
2v(n+ B)y=(n+m)ym,v(en—2a) =(N—M)

FH AR HH P R IE 3
_(h—m)n
C 2(n-a)
plnrmr o _(+mr—a) o 2mr-o) _mr_

HEALR

2v n-m n—-m 1%
mmn
v(X+pB)=v(X+—-a)=v(X—a)+mn
1%

BB TREREN

nn(X—a)
2(n—a)

Hrpn RIERH TR, XRIEZRHER.

D™ [ sin = T (x—a)sin " (x— a)dx
a a)

2(n—a) 2(n—

y(X) =sin[v(x—a) + mx] = (-1)" sin

[cos&(x—a) —cosM(x—a)]dx =0
o

2(n—a) 2(n—

2n—-a
a

— (_1)m+n j
BATERFE BT —1L.

2n-a 2 mrm 1 2n-a
sin X—a)dx =— 1—cos
L 2(n—a) (x=a) 2 L [

mn(x—a)]dxzn_a

1 . Nn(X—a)
N l 2(n—a) +

PR E— R B R R {
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ot sin T T Dy T R X e[ 2n— ] b, FER I ENE
Jn-a  2(n-a)

HIIERZ M — e MM R . B AR KB B3 BN R sV R HH T DURIX
—SE&RRIT.

MAGA42)R, B s(x-xX) BB BEFR:

o 1 & (X —a) o (X —a)
S(x x)_n_a2¥m Mﬁ—a)ﬂnzm—a)

mENAKR, BT o(x—x) RBEX AR EREAT, B 4 PiER T EX

BiaF ERAFR S RBERIERIT SEh b, T RLUABUE &R EITSR BT, I
ARERSEEEF KRN MBI X B R HENE.

FRER

SHRHMIE . R, BRIEHAEZESNARSBE.
S BRI HH T LA S5 L SO ERIAR PR

{E&Z3X(5.2.16),

AN A bR R SR BRI ITE

SERE I E B A AR Y R A e . R(G.1L24)WEREH 2 A REHN .
SEREHI X AF B R FF (5.4.3).

2N

AEG2INAHTIEERNE R UEEFE EEERIX G,
AR TFX—HMIMAERESHISEE, EX N E LK. FINFHA N AR,
HESLRE—TAE 521 /Ml 1 KA, —REGLEN.

S T —EWRARELE, BEEERNERH. SRS S HRREA T2
i3)5%

A EZRIMZ RIES SR —ZRNE—T.

HE(G.220), ERZETHEY, XA —E B BT RPREET(EEER
#). AN, XMEBTIAG.219)0E. RG.219)EUREEEESRM, A4
RORE, HMEMEEET. ZIRERENRYE, EFIEETHNEFRHE,
WUER—FXERNNE. EHREI T EBFRIRENE. 2, ERETd
WHEME R TR RN TSRS G.2.19)RMA R AZBENBEIMHEG.2.20)H
Zi3. REFNAETRBLE.

f£(5.2.109) R, MR IXKSFBRRT, mE—HEBERNTRRER,
HWEAR RS FEES, MR —HRENEBTMHEN R, EREHEL—
BT IR EEIR, B4, FHRRE—EERTIERET.
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A B > .
LS I8 2,3,6,7,8,10, 12, Jk4h, FAERE5 M.

&

1. {EBH(5.1.16)R.
Ra: EL¥ERETEESFHA LT KRR, WRASERE, HEHEER
)

2. iEH :%l X|=28(X).(FB7R: | x|=x0(X) —x0(—X))

3 U S(x+2) =Y. 20000 BRFY, BT LGB R AR

4, iEHH: x?5'(x)=0.
5. 6W(x) X n A, S2ERE, X n 2FHE, RERE
6. IEBH: ¥ g(x) FIZ R x ZA—BrH, T

ﬂmm=z%%%%

(#FoR: ZE(GT9()], o) BFH, <L g(x) =y X x WRTFEHBT y KRS.)
H G B BL T J LA

1) s@xy=2%
|

_d(x—a)+d(x+a)
o 2al

(2) 6(x*-a’)

(3) Hg(x)=(x—a)(x—b), g'(x=a,b)=%(a-h),

@) 5" -1)=5(x)

(5) 5(sinx) = 5(x—kn)

7. R BRI RITE TR
(1) [; dxS (X% —5x+6)(3x2 = 7X+2)

(@ [ dx5(< —n*)cosx

- : 2.y
(3) J'mdx5(sm nx)(g)
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(4) j‘: dxs(e™)Inx

8. ﬂtj—xe(xz—n
0. (1) WEH: WA AE —A BT, T4 AR BRI 4 o(r) 1 F ST B i 5
BREFI; (2) p(x):dd?(s(xz_1)43%%%\&4#5@%%5?

10. BRAMIEBLEG213)RIEH T (5.1.10) R K o(t) =ij:e-iwtda) ] LE B R

sin Nx

(5.2.90) K 5, () = 55 W SR BR AE B, B TT BUE R (5.2.8) Y

5.(0==

11. HEU TR SRR Ls(x-y)], LL™X)].

12. {EFHRFR:

—=5(9 X — 55 o AR M Fa Bk

13. IEBH 6. (x)==

14. EBA(5.2.12)N A BT T 5(0 - ) .HP

1 1-r?
lim—
1 21 1 —2r cos(8 — @) + r?

=0(0-9)

\ sina \ (b 1,0e(a,b)
= 9 H H = . ’
15 ® 1,00 2m(cosh X+ cos &) i JLT Ia . (x)dx {O, 0¢(a,b) B
lim sina = 5(x).

a—n 2m(cosh X+ cos @)
16. UEBH lim 1[1+ tanh(nx)] = (x)

17. iEBH lim— 2n°x e "™ = _5'(X).

n—oo /

(’r: FeLARBUEE K HAE— R 4388 4. 5 (5.2.7a) % B B — R 438
43.)

18. HEH45 J.Ow cosaxcoshxdx (#&a>0,b>0.)

e B=ARTEH e BEHER)
19. +#E RS

(1) 1= esinbts® ()dt, n HHH0, 1512
() [’; (cost +sint)s™ (t* —1)dt , n 4¥H14 0% 1. (H P FFE M SERRRRIE.)
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20. HERE f(X) 7E x=a b RAELEN . EAMRIR S FEA f(a-07)Fl f(a+07).
4, FA(E.2.6)IEHA
[7 100 5(x-a) dx:%[ f(a—0')+ f(a+0")]

21. BR¥S(x) £ 5(x) REHITHAR S i 5(x) REHIE (N (5.1.1a), BRIMIZH

,—5()():{0, X0

o, X=0
FIFFIF (5.2.6)RIEH: ji 5(x)dx =0

R o(x) BB TR IR I BERIEN(G.2.7)~-R (.21 B HIEHX—F R ?

22. FIHH (5.2.6)RIEH

o)
2| x|

F5H QR B BN T B AR Y E A R e 11223
23. FERRBIRRr=(r,0,0) F, BREMPFBRNRFMTIE z # L ro b XEH

S(x*) =

S(r—r) MEERIA. R SERAFERIISHERF r=r,0=0,=201L1)
24, EZBHBIRRr=(r,0,2) ¥, WAMFRKSFEMTIE 2 3L o 4. (1)
r,=(0,2,,0) &, (2) r,=(0,0,0) &, HEAHIEH 5(r —r1,) FisEFRRK.

25 FEH £ ()= 6(x—2nm) RAASEA 2niRE R E B B

HAESTWSHI R T, RAEPTRZE ISR 5(x).

sin[(n+1/2)x]

($En: ARHARL+2c0sX+2C052X +---+2€0SNX = —=
sin(x/2)

26. EH: 1 B 1 _ 20,
o-o,+i0" o-w0,-i0" o’ - +i0"

ERAETR B RGRSMGMEL, FI A b EH B B 4 R
27, REH (1) = 0t -n) KR EI R

28, Y %m(x» = £/(x)5"(f () FIS(F () + F()S'(F(0) =0, FEMIER: &

B 4(x, y)=5(><2—yz)%ﬁ%x%+y%+2¢=oﬂﬁﬁ$.

25



